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OeSIGN OF SHEAR OEFORHABLE ANTISYHHETRIC AHGLE-PLV 

LAMINATES TO HAXIHIZE THE FUHDAHENTAL FREQUENCY 

AND FREQUENCY SEPARATION 

,, ..  ,       S Adali 

Sciences of the CSIR, p o Box 395 
PRETORIA 0001. South Africa      ' 

ABSTRACT 

An antisya^etrically laminated ang,e-p,, plate Is opt1.i«d „Uh the 

objectives of .axi^Uing the fundamental eigcnfrequency and the distance 

between two consecutive natural f„.,^nc1es.    The fonnulatlon Includes 

the contribution of the shear deformation, but neglects the 1n.p„„e and 

rotary Inertias.    The design variables are the fiber orientations aH 

the thicknesses of individual  layers.    The design problems are cast 

into a nathen-atical progra„n,1ng fonnat and solved by using a quasi- 

Newton function .axi™„ation algorithm.    A penalty function method is 

employed to naxinize the funda^nta, frequency, subject to lower bound 

constraints on higher order frequencies.    Nun^rica, results are presented 

for laminates constructed of high modulus fibre reinforced materials 

and the effects of various proble. para^ters on the efficiency of the 

designs are Investigated.    ,t is shown that the *sig„ variables nay 

not be determined  opti^lly  if the effect of shear deformation is 

neglected.   ►Groover, it wa, observed that the classical plate theory 

leads to erroneous results in optimal material selection problems. 



^■■-«^ 

1.  IHTRODUCTIOH 

In a recent article Bert and Chen til studied the effect of shear defor= 

matlon on the natural frequences of an antisy^etric angle-ply laminate 

and showed that the classical plate theo^ (CPT) tends to overestimate 

the values of frequencies.   Specifically, rectangular plates on simple 

supports were considered, and the effects of in-plane and rotary inertias 

were included in the for™iation til.    Subsequently, the same plate 

problem was also analyzed by neans of a finite element method 121.    m 

the present article, a nun*er of optimal design problems for similar 

structures are solved by employing the shear defonnation theory (SDT) 

given in cn.   He neglect the effects of in-plane and rotary inertias, 

which were shown to have little effect on the fundamental frequency even 

In the case of relatively thick plates til.    In particular, we consider 

the problems of maximizing the fundamental frequencies of angle-ply 

laminates with and without lower bounds on higher order frequencies and 

of maximizing the distance between two consecutive frequencies. 

ThP design variables are taken as the fiber orientations and thickw-sses 

Of individual  layers.    Optimization problems are formulated as mathematical 

programing problem and solved by using a quasi-Newton nonlinear function 

maximization algorithm.    In the constrained optimization problem, the 

lower bounds on higher order frequencies are incorporated into the 

formulation by means of a penalty function technique. 

Optimal designs of laminated plates were given in several studies f3-8] 

with respect to natural frequencies in which the effect of shear defoma= 

tion was neglected.   «e refer the reader to t7] for works concerning the 

optimization of laminates with respect to oUier objectives, such as 

- I 
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buckling loads and deflection?     in H, 

,hp,   .. '"*"« "^« of isotropic structures, 
snear deformation was tatpn ■•„»_ 

Of a nu„*er of structural ele.nts f9-Kl.    i„ tHese studies    it is 

c-erved t,.at t.e sHear deformation alwa.s .duces t.e efficiency of a 

r?""'^"'""'^^*-^'-- —o.,ecti.eandt. 
-cture.^r results also confi.tMs general .suit,    m fact, in 

e case Of M,..dulusfi.r reinforced materials used in M.H tec. 
"Otog. appl.eations. tHe decrease in efficiency is considerate.    „ore- 

r;7^'^^*°^ ^^"--™°" - -d to designs t.at are on,; 
oPt.,31.    indeed, t.e .lues of opti.. ..r orientations and la.er 

thicknesses depend on the side-to-thickness ratio   and 

and CPT ,ield different optimum points T ''" '"' 
.^       , "^   "''•    '^" "" ^v^n give qualitatively 

r   T- 7" ^^-'•- ^ --"- -er- to produce the mo t 

--ntdes,gn.    '-ed. CPT indicates that the efficiency depends on 

--,0 of transverse and longitudinalvoung-s moduli in a monotonous 

--•- Shear defo.ation is taken into account, this .lations 

-on.er.notonousandithasama.im.point.    Thus, the prohlem of 

optimal material selection can only be handled by SDT. 

^"creasing .he distan-.o between two consecutive eigenf.,uencies is a 

-ctica, design consideration for vibrating structu.s.    U provides 

'ar.e gaps between natural  f.,„e„.ies. ^nd thereby the possibility of 

~ce due to e.e.a.e.citations is reduced.    ,n spite of the 

P- ical advantages, optimal  frequency separation problems received 

--vely Mttle attention in literature.    Bronowi.i et a, flS, gave 

t-Hesign of ring-stiffened cylindrical Shells for ma.imi.ing the 
separation between the l.est two natural frequencies.    Pappas ,16, 

— the same problem with a different optimisation algorithm.    Oesigns 
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for the maximum separation of frequencies were obtained for Isotropic 

beans by Olhoff n7.18] by naxl.lzlng the higher order frenuencles.    In 

the case of composite structures, there does not seen to exist any study 

on this problem.   The present article gives designs for naxinun distance 

between the lowest and the next lowest two natural frequencies.    In 

tl5.17.18j. it was Observed that the higher order frequencies approach 

each other when the structure Is designed with respect to frequency 

separation.    The saa» phenon^non is also observed in the present case and 

seens to be a general characteristics of such designs.    He offer an 

explanation for this in ter^s of the topology of the frequency surfaces 

In the design space. 

2.      PROBIEH   FORHULftTinW 

We consider a simply supported rectangular plate of length a. width b. 

thickness h and nass density p.    The plate is composed of an even nun^'er 

Of orthotropic layers of thickness H,. the fibers of which are oriented 

alternately at angles e^ ana -fl^ and a.-e placed antisyr^etrically with 

respect to the middle surface.    Plates with these characteristics are 

conmonly known as antisynmetrlc angle-ply laminates 11.2,7.8].    The 

equations of notion, which Include the effect of shear defonnation. were 

given in tl] for freely vibrating angle-ply laninates.    He adopt the sane 

fonnulation in the present study but neglect the effects of in-plane and 

rotary inertias.    The equations are presented in the Appendix.   He obtain 

a non-dlnenslonal fo,^ of these equations by introducing the following 

dinensionless quantities: 

X = X/a. y = Y/b, u = U/a. v = V/b. w = H/a 

i 



r = a/b, p = a/h. h,^ = H^/h, 
(1) 

vrfiere i and j are integers and k refers to the layer number.    In equation 

(1), X and Y are Cartesian coordinates parallel to the respective plate 

edges; U, V, U are the displacement components in the directions of the 

XYZ system; A.j, B^j and D.j are the laminate stiffnesses given by 

h/2 

(2) (*ij-«ij'"ij) =.,/,   (i.z.zy$>dz. 

where Q\^' denotes the plane stress reduced stiffness components of the 

k-th layer given in the Appendix.    E^ is the transverse modulus of 

elasticity, but could be replaced by any reference modulus.    Introducing 

(1) into (Al), we obtain the following non-dimensional system of coupled 

partial differential equation^ governing the free vibration of the shear 

deformable laminate: 

"5 ^5^x ' "M \.y\ * ^l a,„.r Ty 

*«'«„*, '.'a='ET%^^ 

(3) 

(4) 

(5) 



*'ieP'^",, * b^r^p'^u     t 2b   D'*V     - k^s    rw 16 XX ?6     "^       vv       '"ze*^       xy       ''l4"Ml|™y yy 

66*^       'XX   ■   "22" + «..?" T.„ + d.,r2p-' T„„ - k'a.„. T L2. 
yy      II MM 

* <"*12*<'66>'T''' *- = 0 xy 

(6) 

^''I6'T"'"XV * \^'''P'\. ' *>..<T-\ yy 

-''s^ss-x * {''I2*''66»'T"' »xy * d„p-=' *, (7) 

_2_-? 
* '•fifi'' P     ♦„„ - "<.a„ * = 0 yy      5 55 

where ♦ and t are the slopes in xz anJ yz planes respectively; k   and k 

are shear correction coefficients and t denotes time. 

We consider the same siisply supported plate boundary conditions as the 

ones given In [1].    In terms of dimensionless quantities, these are 

u(0,y) =;j(l,y) = 0. Hp(x,0) = Ng(x.l) = o 

NfiCO-y) = h^^'V) = 0. vix.O) = v(x,l) = 0 

w(0.y) = w(l,y) = w(x,0) = w{x,l) = 0 

Hi(0.y) = Hj(l,y) = M,^(x,0) = H^Cx.l) = 0 

T(0,y) = T(l.y) = 0, ♦(x.O) = ♦(x.l) = 0 

where the dimensionless stress couples Hj and H^ and In-plane stress 

resultant H   are given by 

"c -- «66<''''V^) ' bj^P'^ *x * K.^'^ T., X    -y 

"l = ''l6(''''V"y'  + •'nP"' *x * •*12''P'^ fy (9) 

The objectives of the study are to maximize the fundamental eigenfrequency 

fij and the distance between the consecutive natural frequencies of the 



>-„ v1..at1n, ,a™,-nato 5, opt,.aH, Cten^inin, the H.e. „Hen,ation 

.-nc. «^, «3s founa to te e.ua, to the f.e<,uency of the ef«.««.e .., 

n = ' for an p.ob,™ para^ters In the p.sent proMen..   He. . and n 

denote the .oda, wave nu„.ers associated „UH x and . directions.    Con= 

^^^"^""""'-'"^''''---^V«„ in these,.,.    Tor hi, . order 

re.uenc1es „,. the values or . and n depend on the specific para^ters. 

T..e designs for .ax1„u™ f^da.enta, frequency a. classified as 'uncon- 

strained, or -constrained, depending on whether lower bounds on higher 

order f.,„enc1es exist.    The design prohie. of .axi^i.ing the distance 

etween consecutive f.guencies is caMed the .ax1™„ r.,uency separa= 

tion problem.    Thus   wo <:tato n,- 
us. we state the optimization problems as follows- 

ync^^aj^^n^P^ :    ,,.™,„, ,, ^„,^^,^„ ^^ ^^^ ^^^^^ 

problem problem 

where the design variables 0^ and h, satisfy 

0 •■ '\ ? n/2 for k >= 1,3,        K-1    -n/7 , o        „ 
^  '"^ 1. -n/2<e^ SO fork = 2.4 K    (11) 

K 
^    ht = 1. h.   > 0. k =  1 7 v k=l    ■< k      "• "      '.'!.....IC. (,pj 

with K denoting the total nupber of layers. 

Wenotothatduetoantisy^try.wehavee,.-o,.„andh,.H,,, 
AS a result of these renui.,.„ts and (12), we have. I'n effect   K" 

variables Of n, and (K/2H variables Of h,.    Thus, the total .n^er of 
effective design variables  is K-1. 



Constral^elDesIs!^^     Oete^fne the solution of the .,x,.,.at<on 
probles 

subject to 1 // 

n 
','%•'!* =^''''.2  (M) 

wher. e, and h, satisfy {.„ and (.2) respectively and „,^ denotes the 

1,-th order frequency,   n,^ is , specified lower bound. 

£5ilaii2rj!!?^Ui!!!»^^ Oetennine the solution of 

maximization probtem 

ll1aX(l!,-{l,       )    .   IrsI   7 YI-) 

W 
wher. 0, and h, satisfy (U, and (12). respectively, and „, denotes the 

1-th order frequency. 

we observe that all designs problems a. in fact nonlinear pro,ra™,1nq 

problems due to the nonlinear dependence of the el genfrequencies on 

\ and h. . 

The follo-ing set of displacenent and rotation functions satisfies the 

differential equations (3)-(7) and the bo.«,dary condition,  (8) (1): 

" ° "mn "'" """ '^os ""y cos n   t mn 

" ' "mn '^<" n«x sin nny cos «   t 
mn 

"' "iwi 5'" "»" sin nny cos n    t mn 

'*' ^ ''mn ^*" ""** cos nny co?; ft    t nin 

* ' *iwi "^ "■" sin nny co'; fi   t 
mn 

/ 



-"-"^nH the f.,„enc. Of u.ei^„™o<te ,„.„,. 

"-'•tlon Of (16, ,„to ,3)-(;, „,,, ,„ , ^^, 

"9ebra,c e,„at.ons of the fon.: 

CS = 0 

where S Mu     y    „     .     .    ,T     , 

' -n ' " "'"-n/fT"' 

A nontrivial solution Of (,;,e.,su If 

<tet C    = 0, 

which leads to an explicit 

(19) 

(20) 

P«pression for w    . yij 

{ 



/ \ 
,/ 

where F,j denotes the cofactor of the eleoent C,,.   We note that an explicit 

expression for u^ can be obtained due to the fact that the in-plane 

and rotary inertias are neglected.   Otherwise the deterininental equa'tion 

(20) becomes a fifth order polynomial in „^^ [D. 

Maximization of the expression (21) with ni-n=l and with respect to the 

design variables e^ and h^,, which are subject to the constraints (H) 

and (12), leads to the solution of tlie unconstrained design problem (10). 

In the case of the constrained design, the fundamental frequency m     is 

to be maximized subject to constraints w,   i u, , t, > 2, 1-1,2,.., on 
M       'i      ' 

Jj-th order frequencies o, .   This type of problem was already treated 

by Adali [8.19] in the context of laminated plates and vibrating beams 

by employing a penalty function method.   The procedure converts the con' 

strained optimization problem into an unconstrained one by treating the 

prograraning problea 

I 
max   {w    *   r.   i max ro. w,   - „>,  ])  , (22) 

where e^ > 0 are specified small constants. For further details on the 

penalty function method we refer the reader to il9). Solution of problem 

(22), subject to (11) and (12) provides the constrained optimal design 

of the laminate. 

He note that both the constrained design problem and the maximum frequency 

separation problem involve the evaluation of higher order frequencies. 

Although the fundamental frequency is given by m  for all the problem 

parameters, the modal wave numbers ra and n depend on the specific problem 

parameters In the rase of higher order frequencies. We compute the f.-th 

order frequency m.  from 

.^' 

"'t ' "*" "'no '^"''•'^<^* '0 "'mn * "\.\      ' ni,n 
(23) 
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which constitutes a discrete minimization probi 
era over the integers m and 

4.      DESIGN FOR MAXIMUM FUNDWFHTAI_FPrgirpf|rY 

in this section, noraerical results for the optima, design of an an«,e-p,y 

1».nate for raaxl^ra ,„,, are given, and the effect of various prohien, 

para^ters on the efficiency of a design Is investigated.    Me treat two 

different Mnds of graphite epoxy plastic with material constants given 
by 

' X 
X 

Material  I:    E^/E^ . 40.0.    G^^/E, = 0.6 

and 
Gfz/E^ = 0.5.   v^^ = 0.25 

Material  M: E^/E^ . B.O.    G^^/E^ = 0.5 

0.25. V^r-o-^-  ^1 
The shear coefficients are taken as kf = k? = 5/5. 

The efficiency of an opt.raa, design Is assessed by comparing ,t with the 

corresponding standard piate. which we define to be cc^posed of  layers 

of c^al thickness with the fibers oriented alternately at 45 and -45 

degrees.    The efficiency index is defined as 

Eff = 100((,„^pA,^). ,,. 
(24) 

Which gives the percent increase in the fundamental frequency ,.,     of the 

Oi.t,»a, Plate as compared to the fundamental freguency „,   of the'standard 
plate. * 

rig., gives the efficiency curves plotted against the aspect ratio a/b 

for f«.r.layered la.inatcs of material ,. optimized with respect to fiber 

orienutions only.    The results at a/b . 0 refer to a plate strip, and 
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those for a/h = •• are obtained by employing the classical plate theory. 

We observe that the effect of shear deformation is to decrease the effi- •-. 

ciency of the design and this effect becomes more pronounced as the a/h 

ratio becomes smaller. Exactly the same situation was observed in the l^- 

optimal thickness design of one-dimensional structures that included shear 

deformation [9-121. 

Fig.2 gives the efficiency curves for laminates made of material 11 with 

the same problem parameters as in Fig.l. A comparison of Figs.l and 2 

indicates that material I produces less efficient designs for a/h < 10 

when a/b < 1 and for a/h •= W when a/b > 1 than material II, but this is 

not the case for a/h = •». An important implication of this observation 

is that an assessment of efficiency of plates constructed from different 

materials would be completely misleading If the shear deformation were 

neglected. 

Tables 1 and 2 provide the values of fundamental frequencies and fiber 

orientations of optimally designed laminates made of materials I and H 

respectively. We note that the results for optimum O.'s are given for 

only one-half of the laminates because of the antisymmetry. Table 1 in= 

dicates tliat the fiber orientations of optimal plates depend on the a/h 

ratio, and consequirntly SDT and CPT yield different results. We observe 

from Tible 2 that these differences are less pronounced for material H. 

Thus the extent of the difference in optimum O.'s obtained by SDP and CPT 

is closely related to the material properties and mostly to E./F^ ratio. 

Next, we Investigate the amount of decrease in the maximum fundamental \ 

frequencies of optimal designs as a result of taking shear deformation 

into account. Let avj, and m-p denolti the fundamental frecconcles of op= 

timal laminates obtained by SDT and CPT respectively. Then, f.he percent 

decrease In efficiency as a result of employing SOI rathnr than CPT is 

.f 



■  --^-^,. -•-=•.           ■       .   .      •             ; •■'  .        •   ■ 

/, 
^  . , ^,^, ^.^v—- .,,...,.   ,._,...,,_.,„..,..., ,.._  ...-  ,..,  ,.. ..,...,.^   ........ .. .,-...-.,-.:. ..,^„ .,..--„...... .,^.^.^.....,.. -,.,.,  .,., ,..,.„..,,..,.^, ,..,..,....,..,., ..,.,..,, ..-....,.„. ..-..,-.,-,.,    .,...-..  ,--.-„.- --■   -■,' -.-■■>           '•  - 

i^''~" -■ -      '          '         ' 

•^  ■■■   ■„■, ■- 

*   *■ 

"■'■•'      . V   ■              ■  '. ■' 
^ -       -  ■' .    "" "    ,-••.. 

/ 

-  -.    ,■--__    ,  - 

i 

• 
12                                  1 

given by 

"eff = '00(1 -''SD /-tp)-                 (Z5) 

The curves of 0^„ plotted against the aspect ratio are given In F1g.3 

for four-layered laminates optimized With respect to 9.. We observe that 

the efficiencies obtained fro. CPT becon. less accurate as a/h decreases 

and/or a/b Increases. Moreover, the material properties have relatively 

snail effect on the final result. 

m the above results, the laminates were optimized with respect to fiber 

orientations only. The effect of Including the layer thicknesses a™,ng 

the design variable, is studied in Fig.4. which shows the differences in 

!      the efficiencies of optimal plates with design variables (e,.h,) and (o.). 

In the particular case of four-layered plates considered in F1g.4. the ' 

specific design variables are (e^.o^.h,, and (e,.n^,. The percent diffe= 

rences in the efficiencies are given by 

'0°''"^p' - "'ip'jA's. 

where ,.(p^) and Jj^  denote fundamental frequencies of optimal laminates 

with three and two design variables respectively. We observe that the 

optimum layer thickness becomes most effective When aspect ratios are 

close to unity, and moreover the increase in the efficiency depends heavily 

on a/h ratio. Another interesting conclusion is that the optimum deter= 

minatlon of the layer thickness Increases the efficiency of a laminate for 

aspect ratios where CPT would indicate no change. More specifically CPT 

sh».s no increase In the efficiency of a design as a result of including 

the layer thickness among the design variables when 0.55 > a/b > 1.7. 

Table 3 gives the values of the maximum ,„„ and optimum 9,.0^.h^(=z{3)=..(,)) 

for various a/h and a/b ratios and for laminates made of material I  A 

.'i. 

comparison bf tables i and 3 indicates that optimum values of o, depend on 

i 

v.; 
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the number of design variables. 

Fig.5 gives the curves of efficiency plotted against a/h for laminates 

with two. four and six layers.   He observe that the efficiency drops as 

the number of layers increases,    floreover. the efficiencies of Materials 

I and 11 »y be greater or less than one another depending on a/h as 

Illustrated in the case of four-layered laminates.   Thus we again come 

to the conclusion that a comparison of the efficiencies of different ma. 

terials by CPT alone is likely to give incorrect results for thick 1ami= 

nates. 

The effect of the modulus ratio E^/ET on the efficiency is specifically 

Investigated in Fig.6. where the efficiency curves are plotted against 

E^/E^ for laminates optimized with respect to 0^ and with G,^/E   = 0.6. 

Gj^/E^ = 0.5. v^^ : 0.25. r=2 and number of layers 4.   We observe that 

the efficiency decreases after a certain value of E^/E, as E^/E, increases 

when a/h < 40.    On the other hand CPT indicates a steady increase in 

efficiency for the range of values of E^/E^ given in Fig.6.    Thus, even a 

qualitative estimate based on CPT as to the efficiency of laminates wade 

of different materials will be incorrect.    From Fig.6. it appears that 

the effect of shear defomation increases as F^/E^ increases, causing the 

efficiency to drop after a certain point.    The initial increase in effi= 

ciency apparently occurs when the deformation due to bending only dominates 

the contribution of the shear deformation. 

^-      CONSTMtHED OPTIHIZATIOH AND OPTIHAt FREQUENCY SEPARATION 

In many applications, the maximization of the fundamental frequency may 

be subjected to additional design requirements in the fonn of constraints 

on higher order frequencies.    Usually one or more of the higher order fre= 

quencies are required to be greater than certain values.   Another class 
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of problems Is the design of a laminate that has maximim separation between 

the consecutive frequencies. The optimization technique used in the 

present study can be easily extended to solve both problems. 

Tabled gives the values of the maximum fundamental frequencies with second 

and third order frequencies subjected to lower bounds oi and w respec= 

tively. The results are given for four-layered laminates optimized with 

respect to o^ only, with a/h = 10.0 and a/b = 1,2. When oi^ = 24.0 and 

IO.J = •", with a/b -• 1, the laminate has a double eigenvalue as its second 

order frequency. This situation changes when we set u   -  37.0, and more= 

over the mode of the third order frequency changes from (2,1) to (1,3) 

as ojg is increased to m^ = 38.0. The results for r=2 indicate that oi 

and (D can be increased considerably with little effect on w . 
11 

Numerical results for the optimal frequency separation problem are given 

in Table 5 for similar parameters.    We observe that the maximizations of 

"'?''"ll "'"' '^"' ''"'' '"3"'"? "'^^ r=l,2 lead to double eigenvalues for the 

second and third order frequencies respectively.    This nay be attributed 

to the fact that a frequency surface in the design space usually has a 

local maximum at those points where the surfaces of different eigenmodes 

cross each other.    Obviously these points are also those where double 

eigenvalues occur. 

6.      CONCUJSIOMS 

The main effect of the shear deformation on an optimally designed laminate 

is to reduce its efficiency.   We note that the efiiciency is defined in 

comparison to the corresponding antisymmetric angle-ply laminate that has 

equal  thickness layers with fibers oriented at alternating angles of 45 

degrees.    The efficiency decreases with decreasing side-to-thickness ratio, 

as is the case in the optimal  thickness design of isotropic structures r9-12]. 

The aspect ratio, number of layers and the material properties have considerable 
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effect on the efficiency of a design. ,s depicted in Fig,. I.2.5 and 6. 

comparison of results obtained by SOT and CPT yields interesting insights 

Into the Kays the shear defonnation affects the optimal laminates «de 

of advanced filamentary conn,osite materials.    For example. SOT and CPT 

produce different values for optin«m fiber orientations and layer thick, 

nesses.    Thus, a design based on CPT alone could, in fact, be only subop. 

timal.    Deviation from the optimi™ increases with decreasing side-to-thiclc= 

ness and increasing E^/E^ ratios when CPT is e,ployed. 

Further„x,re. CPT gives qualitatively incorrect results when a c««parison 

Of different composite materials is made.    Indeed. CPT Indicates that the 

efficiency w,uld increase with increasing E,/E^ ratio.    Therefore, the 

material with the highest E^/E, yields the most efficient design accnr= 

ding to CPT.    In fact, the efficiency decreases after a certain point with 

increasing E^/E, when the shear is taken into account.    Thus. SOT indicates 

an optimal E^/E^ value for the maximum efficiency. 

The efficiency can be increased by including the layer thicknesses a^no 

the fiber orientations as additional design variables.    This increase is 

larger when the side-to-thickness ratio is high and when the aspect ratio 

»s close to unity, but it becomes negligible if the aspect ratio is too 

small or too large.    CPT yields misleading results on this aspect by indl. 

eating too narrow a range for the aspect ratio around unity where optimising 

with respect to layer thicknesses can be effective. 

constrained designs of the laminates wore obtair^d when lower bounds were 

imposed on higher order natural frequencies.    It was observed that the 

imposed bounds  effected the eigenmode of the higher order frequencies 

at the optimum point (Table 4). 

Designs for optimal frequency separation lead to double eigenvalues for 

f 
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higher order frequencies in many cases (Table 5). This seems to be due 

to local maxima, which occur at the cross sections of surfaces formed 

by different eigenmodes in the design space. 
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•                                                                                       APPENDIX 

The equations of n«,t,o„ governing the free vibrations of an antlsy^etric 

angle-ply laminated plate are given by [11: 

r.P = 0,                                             (^„ 

where . = tU V W ht h»f Is the transpose of the displacement vector and 

£ = n^,] Is the 5 by 5 sy^etric differential operator matrix, the com= 

ponents of which are given by 

•■ll ' *11 "x * *66 °r     S2 = (A12 + AgJD^ D^ 

••13 ' "• "-iM - (Bje/hJOx * (BsG/h)"? 

LjS = (2B,,/h)0,0,.    L„ . A^^Dj f A^^ Dj 

^3 = 0'   "-.M = (^B^e/hJOxOy   ^s'Lju 

^r = -''D *55 "x - ^'\„ D? * P h U^ 

^3u '-("l \,mOy, i^^ ^-{q ^^^,^,)Dl 

S, M0^,/h')D^2 ^ (Dj^/h?)Dj - k'A„„/h' 

^5 = (fOj, ♦ »,6)/hX "Y 

•■55 = <''n/''')''x M V'K -''s Vh^ 
-here 0^ , 3m.    0^ , a/ay.     o^ ._ ,,,^_ 

Plane stress reduced stiffness components of the k-th layer are given by 

"il' = "„ c" * 2(0,, . 2Q,,)sV . 0,, s" 

''l'' = (')„*0„--IQ^JsV.Q^^(s%c", 

(k) 

j 

"L" ' (Q„ - Q,, - 2Q^^)s\ MQ„ - 0„ * 2Q^^)s c^ 
f 
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where c = cos o^ . s = ^i„ o^_ 

7' Y"" '' ''"''' '°""''' ""-"'' ^" '^^ '--^-''^na, an, t.,.sve.o 
-t,ons. .espectWe,.   .,^ ,, ,. .,,, „, t.nsve.e-to.on.U.,., 

strain under Jongitudinal stress-    G     anH r     ^     . 
"ress.   G^^ and G^^ denote in-plane and thick- 

ness shear moduli respectively 
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TABLE I:   Maxlmw fundwenUl elgrnfrequencles »rrf optimum ffber orJenta- 

tlons in degrees of a four-layered anqle-ply plate made of 

material I. with h^ . o.ZS. k.1.2,3.4. 

a 
H 5 10 20 40 o 

a 

0.0 9.46, 
(0.0)* 

14.00 
(0.0) 

16.71 
(0.0) 

17.67 
(0.0) 

18.03 
(0.0) 

0.5 9.73 
(M.4/ 
-30.0) 

H.I6 
(5.2/ 
-15.8) 

16.88 
(0.0) 

17.85 
(0.0) 

18.21 
(0.0) 

1.0 12.6? 
(45.0/ 
-45.0) 

18.63 
(45.0/ 
-45.0) 

21.9J 
(45.0/ 
-45.0) 

23.09 
(45.0/ 
-45.0) 

23.53 
(45.0/ 
-45.0) 

2.0 22.55 
(68.6/ 
-61.4) 

38.93 
(75.6/ 
-60.0) 

56.62 
(84.8/ 
-74.2) 

67.50 
(90.0) 

72.84 
(90.0) 

4.0 44.57 
(81.0/ 
-77.2) 

85.46 
(85.2/ 
-78.6) 

151.79 
(90.0) 

224.56 
(90.0) 

;'89.?0 
(90.0) 

8.0 89.04 
(90.0) 

176.19 
(90.0) 

340.18 
(90.0) 

509.10 
(90.0) 

1151.80 
(90.0) 

A single angle applies to all layers. 

,» 

t ! 
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TABLE 2:   „axi™„ fu...,»,„,„ e.genfre^.^cy ,„<, opt,»«. fiber or,ent,= 

tions in degrees of a fo«r-5ayered ang,e-ply pU.e »ade of 

•"terial M. with h^ . 0.25. M.2.3.4. 

a 
H 5 10 

20 

0-0 8.26 
"•6' 13.« 

"•5 8.40 '••83 13.64 

'•0 10.12 

4.0 40.79 
76.B6 132.72 

"•" 81.02 

A sinqle angle applies to all layers. 

■L f: 

40 

''■"''      '°-°>      (o-o)        12:?;    JJ.ol 
"'•°»      (o-'o)     0.0      ;^„^f   "•« '"•O) (0.0) ('o.O) 

(«•»/ Ms"/ Jai^^, 18.50 18.86 

2.0 19 ' "*^-°' 
(87?!/ Jl^*^' ^'-3? 54.56 57.83 
-86.0) *    •"' (^O") (90.0) (90.0) 

(^O.O) (,6.0, '^.'g^% 187^27        223 94 
'SO-O) (96.0)        (9o:6) 

fon ni '?2''' 306.14 529 10        o.-. ■:, 

// 
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TABLE 3:   fbxiaun fundanental e<genfre<)uenctes. optinun fiber orientations 

«nd z{3) • -1(1) coordinates of a four layered angle-ply plate 

Mde of Mterlal I 

a 
K 5 10 20 40 ttt 

a 

0.0 9.88 
(25.9/ 
-17.7, 
0.38) 

14.19 
(16.0/ 
-10.2. 
0.39) 

** ** • • 

1.0 13.00 
(45.0/ 
-45.C. 
0.35) 

19.59 
(45.0/ 
-45.0. 
0.35) 

23.73 
(45.0/ 
-45.0, 
0.35) 

25.25 
(45.0/ 
-45.0. 
0.35) 

25.82 
(45.0/ 
-45.0, 
0.35) 

2.0 22.80 
(59.4/ 
-73.3. 
0.39) 

39.52 
(64.1/ 
-72.3. 
0.38) 

56.77 
(74.0/ 
-79.8, 
0.39) 

*« ** 

4.0 44.72 
(64.3/ 
-85.2. 
0.45) 

85.77 
(67.6/ 
-84.7. 
0.44) 

«* ** ** 

••     The values are the same as those given in Table 1 and the r(3) ^ - z{l) 

coordinate has no effect on the value of oi   . 
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TABLE 4:    Th. values of the funda„«„tal (u„). second („^, and third (. ) 

order frequencies of an optimal four-layered angle-ply plate' 

Of „terfal 1 subject to constraints on the second C^, and/or 

third (.L^) order frequencies, with a/h . IQ.o 

Constr; ints Eigenfrequencles Optimum fiber orientations 
"'? '"n '"?                 "3 »1 "? 

r - 1 

24.0 

24.0 

24.0 

37.0 

38.0 

13.53 

18.24 

16.43 

35.06       35.06 
(1.2)*     (2.1) 

32.29       37.00 
(1.2)       (2.1) 

24.71       38.00 
(1.2)       (1.3) 

45.0 

36.7 

15.1 

-45.0 

-.35.8 

-32.7 

r = 2 

41.0 

44.0 58.0 

38.79 

38.64 

44.00       52.69 
(2.1)        (3.1) 

46.62       58.00 
(2.1)        (3.1) 

80.3 

69.3 

-56.5 

-50.0 

r~ 

"       The numbers in parentheses denote (m.n). 

/ 
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TABLE 5: Haximum separations between first and second (,o^ - ^^^) ,nd 

second and third (.3 - 0.^) order elgenfrequencies of" four- 

layered angle-ply of i«ateria1 I. with a/h . lo.O. 

Objective 
"u        "2        '-3 »j   - "t, 3    "■? 

r • 1 

".-"„ 18.53       35.06.35.06 ,e.S3 

(Oj • 45.0, 6^ . - 45.0) 

"3 - <-2 M-M       22.86     37.35 8 12 u 4R 
(1.2)     (1.3) "-^^ 

(2.1) 

(8, - 0.0, e   . - 55.8) 

r ■ 2 
 -—■  

"2 - -ll 19.21       40.90 
(2,1) 

(6j = e^ = 0.0) 

43.94 
(1.2) 

21.70 3.04 

"3 - ^ 29.97       45.98 
(2.1) 

(Oj . 23.9. 0^ , 

67.04 
(3.1) 
(1.2 

- 55.4) 

16.02 21.06 

Tl  '■■" '  ■ ■ ■———____  

The numbers In parentheses denote (m.n) 

:r 
I 
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i LIST OF FIGURES 

Fig.l     Efficiency curves plotted against the aspect ratio for laminates 

made of material I, with K=4. 

F1g.2     Efficiency curves plotted against the aspect ratio for laminates 

made of material II, with K=4. 

Fig.3     Percent decrease in maximum ^^^ d.ie to shear defonwtion plotted 

against the aspect ratio, with KM. 

Fig.4     Difference in the efficiencies of four-layered laminates of 

material I optimized with respect to (Oj,n^,h ) and (o ,oJ. 

Fig.5     Efficiency curves plotted against the side-to-thickness ratio 

for laminates with   two, four and six layers. 

Fig.6     Efficiency curves plotted against E^/E^ ratio for laminates of 

material  1, with K-4. 

{ 
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